Abstract. We prove that if the bicanonical map of a minimal surface of general type S with pg = q = 1 and K 2 S = 8 is non birational, then it is a double cover onto a rational surface.
Let S be a smooth surface and K S a canonical divisor of S. The m−th canonical map is the rational map ϕ mKS associated to the complete linear system |mK S |. Investigating the behavior of ϕ mKS (m > 0) is a useful tool when studying surfaces of general type, i.e. surfaces for which ϕ mKS is generically finite for some m ≥ 1.
The behavior of the maps ϕ mKS is well understood when m ≥ 3 (cf. [11] for a survey). For instance, we know that if m ≥ 5, then ϕ 2KS maps S birationally onto a normal surface (cf. [5] ).
Let S be a (smooth) minimal surface of general type. Assume that the bicanonical (i.e. m = 2) map is non birational. Then S may or may not admit a fibration whose general fiber is a smooth curve of genus 2. If it does, we say that S presents the standard case. By [19] we know that if K 2 S > 9, then S presents the standard case.
Surfaces with non birational bicanonical map not presenting the standard case have been intensively investigated in the last decade by several authors, and their classification is rather understood with the exception of the cases when p g = q ≤ 1 (cf. [10] for a survey on this subject).
The cases when p g = q = 0 have been studied by Mendes Lopes and Pardini in the last years. We refer to [13] and [14] for a survey, here we just mention that they obtained a complete classification of surfaces with K [15] and [24] . The only cases for which there is a complete classification from the point of view of the non birationality of the bicanonical map are those when K 2 S = 2 and K 2 S = 9. In the first case S presents the standard case, in fact the Albanese map is a fibration with general fiber a curve of genus 2 (cf. [8] Surfaces with K 2 S = 8 have been studied by Polizzi in [18] , who considered those whose bicanonical map factors through a double cover onto rational surface. He proved that in this case ϕ 2K has degree 2 and that these surfaces are quotient of the product of two curves by the action of a finite group. He also studied the moduli space and showed that these surfaces in fact exist.
In [18] it is also claimed that if the bicanonical map of a minimal surface with p g = q = 1 and K 2 S = 8 factors through a double cover onto a surface X, then X is rational. For this assertion the author refers to a theorem by Xiao ([22, Theorem 3] ), which unfortunately has a gap, as pointed out by Rito (cf. [20] ).
In the present paper we prove the following. The paper is organized as follows. In Section 1 we recall some facts which will be used in the paper. In Section 2 we first fix the gap in [18] , and the we study the case when the bicanonical map has degree 4. In the last section, first we prove Theorem 0.1 and then, as application, we provide the classification of surfaces with p g = q = 1, K 2 S = 8 and nonbirational bicanonical map. 0.1. Notation. Given a smooth surface X, we denote by K X a canonical divisor of X and use the standard notation
Throughout the paper S is a minimal surface of general type. For brevity sake, we let p g = p g (S) and q = q(S). We use the symbol ≡ (resp. ∼) to denote linear (numeric) equivalence of divisors. As usual, a (−n)-curve on a surface is a smooth rational curve with self intersection −n.
A fibration is a surjective morphism from a smooth surface onto a smooth curve with connected fibers. A fibration is isotrivial if the smooth fibers are all isomorphic. A fibration is said relatively minimal if the fibers contain no (−1)-curves.
Given a surface X and an effective divisor D ∈ P ic(X), we denote by ϕ D : X P h 0 (D)−1 the rational map defined by the complete linear system |D|. We will use freely the facts concerning involutions on surfaces and on double covers between surfaces. We refer to [6, section 1.1], from where we keep some definition (for instance, of [r, r]-points in the proof of Proposition 2.1).
useful facts
We gather same facts which will be used throughout. Proof. Let σ be the involution induced on X by the double cover, and G ⊆ Aut(X) the group of automorphisms genereted by σ, so that X/G = Y . For any p there exists an isomorphism
is not injective. Therefore, by the Castelnuovo-de Franchis' Theorem, there is a fibration X → C where C is a curve of genus g(C) ≥ 2.
We will use the following results, usually with no further reference. Proposition 1.2 (cf. [3] or [4] ). Let X be a smooth surface and f : X → C a relatively minimal fibration onto a curve of genus b. Let F be a general fiber of f and g its genus. Then
Furthermore, if equality holds in (1) then the fibers of f have constant modulus, if equality holds in (2) every fiber of f is smooth, and if equality holds in (3) then be the bicanonical map of S. Then ϕ 2 is a morphism (cf. [19] ) and, since by [16] K S is ample, it is finite. Let d ≥ 2 be the degree of ϕ 2 and deg(S 2 ) the degree of S 2 . Then (2K S ) 2 = d · deg(S 2 ) and so d = 2 or 4, because an irreducible non degenerate surface in P n has degree at least n − 1.
2.1. The case when ϕ 2 factors through an involution. The following proposition fix the gap of [18] (cf. the introduction).
Proposition 2.1. Let S be a minimal surface of general type with p g = q = 1 and K 2 S = 8. Suppose that the bicanonical map of S factors through an involution σ. Then the quotient S/σ is birational to a rational surface.
Proof. LetΣ → S/σ be the minimal desingularization, and suppose thatΣ is not rational. Then, by [6, Theorem 2.7] ,Σ has non negative Kodaira dimension and thus, since S does not present the standard case, it is birational to a K3 surface (cf. [20] ).
Let π :Ŝ → S the blow up of the isolated fixed points of σ, andσ the involution induced onŜ. Then the quotientŜ/σ is isomorphic toΣ and we have the following commutative diagramŜ
where ρ is the canonical projection. Let E 1 , . . . , E ν be the exceptional (−1)-curves of π, and C i = ρ(E i ). LetB be the branch curve of ρ. Then C i is a (−2)-curve belonging toB for every i. Let φ :Σ → Σ be the birational morphism to the minimal model, and B = φ * B . Then B ≡ 2∆ for some ∆ ∈ P ic(Σ) and, by [20, proof of Theorem 1], B has at most one essential singularity, which is either a [4] -point or a [3, 3] -point.
Let E 1 , . . . , E d be the reduced and irreducible exceptional curves of φ. Since Σ is a K3 surface, KΣ = e j E j , where the e j 's are positive integers. Since the C i 's are (−2)-curves, we have C i · e j E j = 0 for every i. Hence either C i ∩ E j = ∅ or C i = E j for some j, i.e. either φ(C i ) is a (−2)-curve or φ(C i ) is a point. Thus, by [6, Lemma 1.4] , there are at least ν − 1 pairwise disjoined (−2)-curves on Σ and then ν ≤ 17, because Σ is a K3 surface.
By assumption, ϕ 2 factors through σ. Then, by [6, Proposition 1.8], we get ν = K 2 S − 2χ(S) + 6χ(Σ) = 18, which is a contradiction. Therefore S/σ is birational to a rational surface. Assume d = 4. Then S 2 is a surface of degree 8 in P 8 , and thus it is one of the following (cf. [17] ).
• A cone over an elliptic curve of degree 8 in P 7 .
• The Veronese embedding in P 8 of a quadric Q in P 3 .
• A del Pezzo surface of degree 8, i.e. the image of P 2 by the rational map associated to the linear system |O P 2 (3) ⊗ I x |, where I x is the ideal sheaf of a point in P 2 .
We will consider each case separately. In particular, we are going to show that the first case does not occur and that in both the others ϕ 2 factors through a double cover onto a rational surface. Proof. Suppose that S 2 is a cone over an elliptic curve C. Let µ : S 2 C be the projection from the vertex. The composite map f = µ • ϕ 2 : S C is surjective and thus a morphism, since C has positive genus.
The Stein factorization of f yields a fibrationf : S →C over a smooth curve of genus g(C) ≥ 1, whose general fiber is a curve F of genus g(F )
Then the bicanonical map of S factors through a double cover onto a rational surface.
Proof. Let H be the pull back to S of a general hyperplane section of Q, so that 2H ≡ 2K S . Let η = H − K S . Then 2η ≡ 0 and so, since
, η is a non zero 2-torsion element.
Let ψ : X → S be theétale double cover defined by 2η ≡ 0. We have χ(X) = 2χ(S) = 2, K 2 X = 2K 2 S = 16 and p g (X) = p g (S) + h 0 (K S + η) = 5. Whence q(X) = 4 and thus, by Proposition 1.1, there exists a fibration f : X → C over a curve of genus g(C) ≥ 2. Let F be a general fiber of f and g(F ) its genus. Since X is of general type, g(F ) ≥ 2. Observe that, since ψ : X → S isétale and S is minimal, X is minimal. In particular, the fibration f : X → C is relatively minimal.
Claim. The fibers of f : X → C are smooth and isomorphic curves of genus 3, and we have g(C) = 2.
Suppose g(F ) = 2. Since q(X) = 5, by Proposition 1.2 we get g(C) ≥ 3. Let σ be the involution on X induced by the double cover ψ : X → S. Since F does not dominate C, σ(F ) is a fiber of f . Then there are a fibration f ′ : S → C ′ over a smooth curve whose general fiber is ψ(F ) and a finite morphism h :
Since the genus of ψ(F ) is at most g(F ) = 2, we contradicts Lemma 1.4. Therefore, g(F ) ≥ 3.
By Proposition 1.2, we have 16 = K 2 X ≥ 8(g(F ) − 1)(g(C) − 1) which yields g(F ) = 3 and g(C) = 2. Since 12χ(X) − K 2 X = 8 = 4(g(F ) − 1)(g(C) − 1), the fibers are all smooth and isomorphic. This proves the claim.
By Proposition 1.3 there are a curve A and a finite group G acting faithfully and holomorphically on F and A, such that X ∼ = (A × F )/G. Furthermore, there exists a fibration f 1 : X → F/G whose general fiber, sayÂ, is ismorphic to A. In paticular, we have F ·Â = |G|.
Let C 1 = F/G. Since 4 = q(X) = g(A/G) + g(F/G) = 2 + g(C 1 ), we get g(C 1 ) = 2 and the same argument we used for f : X → C yields g(A) = 3.
We have p g (A × F ) = g(F )g(A) = 9 and q(A × F ) = g(F ) + g(A) = 6. Thus χ(A × F ) = 4 and so, since A × F → X isétale, |G| = 2. HenceÂ · F = 2 and then f 1 (resp. f ) induces a double cover F → C 1 (resp. A → C). It follows that FLetσ be the involution induced on Y by the double cover Y → X/N . Since φ(F ) does not dominate C, we have thatσ(φ(F )) is a fiber of f ′ : Y → C. Then there is a fibrationf : X/N →C and a finite morphism h : C →C such that h • f ′ =f •φ andφ(φ(F )) is a fiber off . Let Γ =φ(φ(F )). The composite mapf •ψ = S →C is a surjective morphism with general fiber the pull back of Γ. Sinceψ is a double cover and Γ is rational,ψ * Γ is connected, i.e.f •ψ is a fibration. By Lemma 1.4 we have g(C) ≤ 1.
By the commutativity of the diagram we haveψ * Γ = ψ(F ). Since ψ isétale and on S there are no pencils of genus two curves, ψ(F ) ∼ = F is a hyperelliptic curve of genus 3.
By applying the same argument to the fibration f 1 : X → C 1 we get a fibration S →C 1 such that g(C 1 ) ≤ 1 whose general fiber is a smooth hyperelliptic curve of genus 3 isomorphic toÂ.
It is easy to see that these two fibrations are not the same. Therefore, since on S there exists exactly one fibration over an elliptic curve, namely the Albanese fibration, we have C ∼ = P 1 or C 1 ∼ = P 1 . By [7] the bicanonical map of S factors through a double cover onto a rational surface.
Finally we consider the last case. To begin with, let us introduce some notation.
From now on we assume that S 2 is the image of P 2 in P 8 by the birational map associated to the linear system |O P 2 (3) ⊗ I x |, where I x is the ideal sheaf of a point x ∈ P 2 . LetP → P 2 be the blow up of x, ℓ ⊂P the pull back of a general line in P 2 , andl the strict transform of a general line through x. Then S 2 is the image ofP by the birational morphism µ :P → P 8 associated to |2ℓ +l|. Note that |2ℓ +l| = | − KP|.
Let L andL be the pull back to S of µ * ℓ and µ * l , respectively, so that 2K S ∈ |2L +L|. We haveL 2 = 0 andL · K S = 4. SinceL is a fiber of the composite morphism ϕl •ϕ 2 : S → P 1 , it follows from Lemma 1.4 thatL is a smooth connected curve of genus 3. In particular, ϕL = ϕl • ϕ 2 : S → P 1 is a fibration.
Fix a smooth curve B ∈ |L|, and let ψ : X → S be the double cover defined by B ≡ 2(K S − L). Then X is a smooth surface with χ(X) = 3 and K 2 S = 24. Note that, since S is minimal of general type and the branch curve is a smooth curve of genus 3, X is a minimal surface of general type.
In order to compute the invariants of X we observe that ϕ 2 (ℓ) is a twisted cubic in
, and so
Whence q(X) = 4 and thus, by Proposition 1.1, there is a fibration f : X → B onto a smooth curve B of genus g(B) ≥ 2. Let F be a general fiber of f and g its genus. By Proposition 1.2 we have the following possibilities Consider the composite morphism ϕL • ψ : X → P 1 . One of the following cases occurs.
( †) h 1 = ϕL • ψ : X → P 1 is a fibration whose general fiber is ψ * L ; ( ‡) there exist a fibration h 2 : X → C and a double coverψ : C → P 1 such that h 2 •ψ = ϕL • ψ and a general fiber of h 2 is isomorphic toL. Let M be a general fiber of h i , so that g(M ) = 5 in the case ( †) and g(M ) = 3 in the case ( ‡).
We will proceed by analyzing these two cases separately. We will show that the first one does not occur and that in the second caseL is hyperelliptic. Before going further let us observe that in any case, since
by the algebraic index theorem we have
and the equality holds if and only if
Lemma 2.5. The case ( †) does not occur.
Proof. To rise a contradiction, suppose that h 1 is a fibration. The curve ψ * B is a double fiber of h 1 . Then D · M ≡ 0 (mod 2) for any divisor D ∈ P ic(X) and in particular, by (1) and (2), we have F · M ∈ {0, 2, 4}. By (1), we have g(B) = 2 and so, by Proposition 1.2, f : X → B is isotrivial and smooth. Then, there exist a curve A and a group G such that (F × A)/G. Since
, we have g(F/G) = 2. Let B 1 = F/G and let f 1 : X → B 1 be the natural projection. Then f 1 is an isotrivial fibration whose general fiber, sayÂ, is isomorphic to A. Note that, since g(B 1 ) = 2, Proposition 1.2 yields g(A) ≤ 4. Hence by (3) we get
Observe that |G| > 1, for otherwise X ∼ = F ×B and thus q(X) = g(F )+g(B) = 6, which is a contradiction.
It follows thatÂ · M ≤ 1 and then, sinceÂ · M ≡ 0 (mod 2),Â · M = 0. Thus M is a fiber of f 1 and so it is isomorphic to A. Proof. By Lemma 2.5 we have a fibration h 2 : X → C whose general fiber M is a smooth curve of genus 3 isomorphic toL, and a double coverψ :
By (2) and (1) we have 3(
Suppose F · M = 0. Then M and F are fibers of the same fibration. Hence g(F ) = g(M ) = 3 and, by (1), C = B is a curve of genus 2. By Rieman-Hurwitz for the double coverψ : C → P 1 , the fibration ϕL : S → P 1 has at least (2b + 2) − 1 = 5 double fibers, say 2∆ 1 , . . . , 2∆ 5 . The curvesl i = ϕ 2 (2∆ i ) ∈ |l| are reduced, irreducible and distinct. Since 2∆ i = ϕ * 2l i , ∆ i is a component of the ramification divisor of ϕ 2 for every i ∈ {1, . . . , 5}.
Let R be the ramification divisor of ϕ 2 : S → S 2 . Denote by R i the reduced and irreducible components of R such that B i = ϕ 2 (R i ) is a curve, and let E j be the components of R which are contracted by ϕ 2 . Then (cf. [2, Lemme 3.2])
where e j ≥ 0 is an integer and r i ≥ 2 is the ramification index of ϕ 2 at a generic point of R i , i.e. the coefficient of
Let e ⊂ S 2 be the the image of the exceptional curve of µ x , and let E = ϕ * e. Then E 2 = −4 and E ·K S = 2. By [16] there are no (−n)-curves on S. Hence, since K S is ample, E = A 1 + A 2 , where A 1 , A 2 are irreducible curves with A i · K S = 1 and, by adjunction and the algebraic index theorem,
In particular, A 1 is a component of R with ramification index 2.
It follows that the divisor
is effective and A 1 does not belong to it. But then, since 4∆ i ·A 1 =L·E = 4(l·e) = 4 for every i, we get
Suppose M · F = 1. Thus M is isomorphic to B, and hence g(B) = 3. But then, by (1), we get g(F ) = 2 which contradicts (2).
Therefore we are left with M · F = 2. The restriction of f : X → B to M is then a double cover M → B. Hence, since M is a smooth curve of genus 3 and B has genus 2, M is hyperelliptic [loc.cit ].
SinceL is isomorphic to M , ϕL : S → P 1 is fibration with general fiber a hyperelliptic curve of genus 3. By [7] the bicanonical map of S factors through a double cover onto a rational surface. This completes the proof.
Conclusion
First of all we prove Theorem 0.1.
Proof of Theorem 0.1. Let d be the degree of ϕ 2 . Then d = 2 or 4.
Suppose d = 2. Let σ be the involution induced by ϕ 2 : S → S 2 . Then ϕ 2 factors through σ and S 2 is birational to S/σ. Form Lemma 2.1 it follows that S 2 is rational.
Suppose that d = 4. Then, by Theorem 2.2, ϕ 2 factors through a double cover onto a rational surface. But this contradicts [18] .
Therefore, d = 2, S 2 is a rational surface and, since K S is ample, ϕ 2 is finite, i.e. a double cover.
The following theorem characterizes completely, from different points of view, minimal surfaces of general type with p g = q = 1, K 2 S = 8 and non bicanonical map. ( 
